Self-propelled motion, emerging spontaneously or in response to external cues, is a hallmark of living organisms. Systems of self-propelled synthetic particles are also relevant for multiple applications, from targeted drug delivery to the design of self-healing materials. Self-propulsion relies on the force transfer to the surrounding. While self-propelled swimming in the bulk of liquids is fairly well characterized, many open questions remain in our understanding of self-propelled motion along substrates, such as in the case of crawling cells or related biomimetic objects. How is the force transfer organized and how does it interplay with the deformability of the moving object and the substrate? How do the spatially dependent traction distribution and adhesion dynamics give rise to complex cell behavior? How can we engineer a specific cell response on synthetic compliant substrates? Here we generalize our recently developed model for a crawling cell by incorporating locally resolved traction forces and substrate deformations.
Introduction
A plethora of microscopic self-propelled objects can be found in nature, from swimming bacteria and algae to cells crawling on substrates.
1 In liquids, microswimmers like bacteria, sperm cells, algae and certain protozoa have inspired many attempts to create articial and biomimetic swimmers. [2] [3] [4] [5] [6] [7] Conceptually this task benets from a rather good theoretical understanding, as these swimmers oen can be effectively described by point force dipoles (stokeslets). 8, 9 The situation is very different for objects that are self-propelled along so and deformable substrateslike crawling cells (keratocytes, broblasts, leukocytes etc.). Here the force transfer is nontrivial and the overall behavior depends on the adhesion mechanism and its interplay with the substrate's surface (chemical, topographical) and elastic properties. A signicant progress has been recently made, especially for relatively simple cells like the well-studied keratocytes living on the skin of most sh and participating in its wound healing response. [10] [11] [12] However, a thorough understanding of the functioning and design concepts of cellular substrate-based selfpropelled motion has not yet been fully achieved. It is therefore an important challenge to design and control synthetic selfpropelled substrate-based objects and to support these efforts by efficient modeling approaches. 13, 14 In this work we generalize our recently developed model for a crawling cell 15, 16 to account for local traction force distributions and substrate deformations. In view of recent extensive studies of cells by traction force microscopy (see ref. 17 for a recent review), this step is crucial for a better understanding of force transfer mechanisms. We obtain traction and displacement patterns, quantities that so far have not been accessible to dynamic, self-consistent modeling. Furthermore we consider in detail the cell's dynamic modes of movement on homogeneous substrates. We nd steady motion with xed shape -as for keratocytes -but also stick-slip motion and various, more complex modes of movement. Especially, we have found a "bipedal"-like motion displaying periodic out-of-phase retractions of the trailing edges of the cell, similar to that recently found experimentally.
18,19
The fact that motile cells have to navigate in complex environment (e.g. inside blood vessels or tissue) has inspired the studies of microswimmers moving through array of obstacles, 20 for the purpose of sorting and separation, 21 for rectication in ratchet-like channels or pumping uid. 22 This task is more complex for crawling cells. 
Brief description of the model
Here we extend our recently developed model 15, 16 to account for local traction distribution and substrate deformations. We summarize only the basic modeling framework. Details on the model and the derivation of the spatially resolved substrate displacements can be found in Appendices A & B.
Basic processes involved in substrate-based cell motility are protrusion via actin lament polymerization at the front of the cell (called the leading edge), intermittent formation of adhesion sites to transfer momentum to the substrate, and detachment of adhesion complexes and myosin motor-driven contraction at the cell's rear. 27, 28 In our model, all this complexity is cast into four continuous two-dimensional ‡ (2D) elds: the deformable and moving interface (the cell's membrane) is described by an auxiliary phase eld [29] [30] [31] [32] r(x, y; t) governed by an overdamped diffusive motion, cf. eqn (A.1), in a double-well model free energy. The latter has minima for the two "phases" [inside the cell (r ¼ 1) and outside the cell (r ¼ 0)], whose levels determine the interface motion.
The propulsion mechanism, for most cells the ATP-consuming § polymerization of actin laments and the motor-induced actin network contraction, is modelled by a phenomenological eqn (A.2) for the vector eld p(x, y; t) describing the mean actin orientation, similar as done in the framework of polar liquid crystal theory developed for actin cytoskeleton bulk solutions.
33-37
The coupling between these two elds is inspired by the underlying biological processes:
15 actin is nucleated close to the membrane,{ with a rate b. On the other hand, existing actin that is polymerizing locally pushes against the membrane and advects it, with a rate a. Note that in contrast to a related study, 38, 39 where the actin is treated by scalar elds, our approach offers direct access to the local actin network orientation, facilitating the implementation of traction forces. We emphasize that although the precise equations are obviously system specic, similar modeling approaches can be used in the context of synthetic systems. For example, self-propelled nanoparticle-laden microcapsules have been treated within a similar framework:
14 there, instead of the vector eld p, a scalar eld describing the concentration of nanoparticles contained in the deformable and permeable microcapsule induced the motion of the interface.
Explicit adhesion was implemented in ref. 16 by making the propulsion strength dependent on the number of formed adhesive bonds -linking the actin network to the substrate -by writing a / a(A) x aA. Here A(x, y; t) is the density of adhesive bonds and for simplicity a linear dependence is assumed. Its dynamics is governed by a reaction-diffusion eqn (A.3), where bonds form with a certain rate (with the possibility of nonlinear effects). The bond detachment rate, in turn, is governed by the substrate deformation. Finally, the substrate is modeled as a 2D (height-averaged) viscoelastic medium, leading to the overdamped eqn (1) for the displacement eld u(x, y; t). The coupling to the cell is via the traction forces the latter exerts, as discussed below.
In our earlier study, 16 we modeled the effect of substrate elasticity by a single elastic spring, that described the elastic cellsubstrate interaction in a simplied coarse-grained fashion. However, locally resolved elastic displacements are needed to access the traction force and adhesion patterns inside the cell. Therefore, here we consider the spatially-resolved 2D elastic eld coupled to the cell dynamics via the 2D traction distribution. This extension brings the model closer to reality in several ways. Firstly, it is known that the spatial distributions of traction and adhesive contacts are important for the directionality and guidance of the cellular motion, e.g. by stiffness gradients 25 or adhesion patterns. 40, 41 Secondly, locally-resolved displacements allow capturing relevant regimes of motion (e.g. bipedal motion 18 ) that were absent in the previous approach. As in ref. 16 , we consider a thin visco-elastic layer attached to a non-deformable surface. Aer integration across the layer's height, the inplane displacements u are of the form (cf. Appendix B)
where G ¼ 2G/xH is the renormalized shear modulus of the layer, h ¼ 2h/xH describes viscous dissipation in the layer, h ¼ H 2 /12 is related to the thickness H of the layer and T is the traction force exerted by the cell.
The coupling between the cell -whose shape is given by r and that exerts local forces related to p -and the substrate, described by u, is mediated by the adhesion bonds A. The coupling is provided by the traction distribution T exerted by the cell, which we model by assuming the following constitutive relation
(2) ‡ Cells moving on a substrate oen form a so-called lamellipodium, a thin layer of actin surrounded by the membrane, having a thickness of x100 nm. Compared to the typical length of actin laments, several microns, one can hence assume a 2D situation. § ATP ¼ adenosine triphosphate; ATP is delivered by the cell's metabolism and upon hydrolysis delivers an energy of x20k B T per molecule, which is used to drive both actin polymerization and molecular motors.
{ By a cascade of initiators like WASP and Arp2/3.
Here the rst term is due to actin polymerization, T pr ¼ ÀxrAp, where x is a coefficient characterizing the efficiency of force transmission and the "À" sign is present because the direction is opposite to the propulsion. The second term is the frictional part of the traction. Here we used the form T fr ¼ zrA, i.e. it acts underneath the cell and is proportional to the number of adhesive bonds A. z is a (vector) quantity that has to be determined from the condition that the total traction is zero, as the cell does not exert a net force on the substrate. From this condition, i.e. hTi ¼ hT pr + T fr i ¼ 0, we obtain eqn (2) . Note that the local A, r and p-values enter the traction force,k making the coupling to the substrate dependent on all other elds. Eqn (A.1)-(A.3) are solved in a 2D periodic domain, which is done very efficiently by the quasi-spectral Fourier method implemented on GPUs (we typically used 512 Â 512 FFT harmonics in double precision).
Results

Traction force and substrate displacement patterns
The forces exerted by cells on a substrate -either moving or spreading ones -can be obtained experimentally by the socalled traction force microscopy. In this method, uorescent beads are immersed into a so substrate and from their displacements during the action of cellular forces the traction forces can be calculated by solving an inverse problem.
42,43
Alternatively, cells can be placed on microfabricated arrays of micro-pillars, 44 their deections directly giving the traction. Since its inception about 15 years ago, traction force microscopy has become a standard tool and has recently been automatized, 45 as well as extended to 3D displacement elds. 46 It has been applied to various cell types, e.g. to broblasts, 47 One sees from panel (b) that the traction force is maximum close to the motion-generating leading edge. This is a direct consequence of our implementation of the actin dynamics, eqn (A.2), that generates a pushing force (proportional to a) at the front and accounts for contraction along p (proportional to s). The displacement eld is maximum in the bulk of the cell and its local orientation is similar to that of the traction pattern. The fact that the displacement is lacking behind is due to the interplay between the movement of the cell over the substrate and the viscoelastic relaxation of the adhesive layer.
We stress that our primary interest lies in the generic features of cell motility and cellular force transmission. Hence the obtained traction (and consequently the displacements) distribution is not necessarily applicable to a specic cell type.
It is known (but not well understood) that different cell types exhibit different traction patterns -e.g. broblast cells have highest traction at the front, 47 keratocytes at the sides 11 and neutrophils at the rear. 50 At the moment, as the model results in high traction at the front and a displacement eld with similar direction as the traction, it perhaps best applies to bro-blasts, 47, 52 which however typically have different (and nonstationary) cell shapes. It also roughly applies to keratocytes: they have high traction at the front too. The fact that their highest traction is located at the sides is most probably a consequence of self-organized acto-myosin bundles spanning to the sides.
11
Our generic model describes the coupling between the shape dynamics, actin, adhesion and traction distributions, and the resulting motion in a self-consistent fashion. It can be useful as a starting point for specic cell types. However, this task requires model ingredients that have to be extracted from dedicated experiments. For example, a faithful model of keratocytes needs an implementation of actomyosin bundles at the rear. On the other hand, to model broblasts the adhesion turnover kinetics has to be included. Since the turnover is much slower than that for keratocytes, it allows for partial maturation of the focal adhesions, 24 which directly affects the actin dynamics (recruiting actin via a complex cascade), resulting in inhomogeneous adhesion and irregular motion. In addition, microtubules should be incorporated for broblasts as they constitute the stiffest part. 53 Conceptually, it would be also interesting to modify the actin dynamics (eqn for p), e.g. by including propulsion by treadmilling of actin laments 54 or viscoelastic actin-myosin ow inside the cell. [55] [56] [57] Finally, the related question of how traction is self-organized internally and how it is related to the specic cell functions is obviously important, but beyond the scope of this study.
Complex modes of movement
Various types of complex cell movements have been reported: from contraction waves at the leading edge, 58 to stick-slip motion of parts of cells 59 or whole cells, 51 to bipedal motion. 18, 19 The latter are spontaneous shape oscillations during motion due to the coupling of the force-generation to the elasticity (of the substrate and of the cell), occur in keratocytes and result in lateral out-ofphase oscillations with respect to the direction of motion. Fig. 2 shows a "phase diagram" of the motile states found in our model. We varied two crucial parameters: the substrate stiffness G and the propulsion strength a. We regain the generic motility modes that had been already obtained in: 16 there are regions where no self-propelled motion is possible (blue circles), regions with steady moving or "gliding" states (green squares, see also ESI Movie 1 †) and an intermediate regime where stick-slip motion occurs (ESI Movie 2 †). Fig. 3 illustrates representative results for the stick-slip motion. Note that for amoebae, recently time-resolved traction forces could be related to alternating protrusion, contraction, retraction and relaxation cycles.
60,61
Although amoebae move differently (by pseudopods) and have a different adhesion mechanism (devoid of integrins), extensions of our modeling approach could be of value for this system as well.
In our work, 16 the substrate was modeled as a single effective (visco-)elastic spring, resulting in simultaneous rupture of the adhesive bonds in the entire cell. This simplication, while useful, is not very realistic: it is known that some parts of cells still adhere while others lose contact. 18, 51, 59 In other words, inhomogeneously distributed force affects the adhesion and provides a feedback on the overall shape and motion. This is remedied here, in contrast to ref. 16 , by resolving the substrate displacement and traction locally. Due to the resulting local nature of the adhesive rupture, new dynamic states emerge at the boundaries of the transition from stick-slip to steady motion, cf. Some of these states stabilize aer quite long transients of either gliding or stick-slip motion. Fig. 4 shows a representative bipedal motion, see also Appendix C for more details. Select trajectories and shapes for the wandering bipedal motion are shown in Fig. 5 .
The instability leading to bipedal and more complex modes of movement is likely related to the coupling between various shape deformation modes and the translational mode. Somewhat similar behavior was recently observed in a model for selfpropelled "so" deformable particles. [62] [63] [64] There, the coupling between various intrinsic modes of shape deformations was implemented from symmetry arguments. In experiments, similar curved trajectories have been reported. 18 The curved trajectories found in a certain parameter range of our model are interesting and should be investigated further. It should be noted, however, that even the very persistently moving keratocyte cells rarely take straight paths for more than several tens of their own length. On a larger scale, they rather explore their environment in a fashion resembling a random walk. 
Response to varying substrate elasticity
In order to probe the response of the cell's motility machinery on a subcellular level, several groups have studied cells on chemically structured surfaces by patterning the surface with bronectin, RGD 12, 40 or other ligands for the adhesion receptor protein integrin, thereby modulating specic adhesion. In order to improve the mechanical stability and resistance to degradation, a possibly better design concept proposed recently are substrates with engineered elasticity. One possibility is the microfabrication of arrays of microposts (or pillars). Variation of their dimensions (height, thickness) results in local stiffness changes. 26 However, pillars are not a very natural environment for cells, and new methods are currently under development to directly tune the modulus of a at substrate, e.g. gradient materials 65 and composite materials with alternating stiffness.
66
We investigated the effects of a heterogeneous substrate shear modulus G, in order to obtain insights into the cell's mechanosensitivity and durotaxis. Note that the form of the equation for the substrate displacements, eqn (1), is unchanged in the thin layer limit h / 0, cf. Appendix B. Within our modeling framework, we have found that cells prefer to stay (move) on a substrate of optimal stiffness: on very so substrates, the cells migrate towards stiffer regions, while on very stiff substrates the cells move towards soer areas. This is exemplied in Fig. 6 for a linear gradient in G. 
The inset shows representative cell shapes and displacement fields. We also observed a rich dynamics for cells encountering a step in substrate stiffness. Depending on the parameters (we studied mostly the propulsion strength a, and varied the initial conditions), a variety of scenarios was observed, cf. Fig. 7 . For cells moving at a certain angle towards a step from so to stiff, we observe that the cell passes the step, cf. (a) and (c), including a possible deection of the direction of motion, cf. (a). For cells moving from stiff to so substrates, depending on the initial angle, the cell becomes either trapped and moves along the step, cf. panel (b), or is reected from the step, cf. (d). This behavior is consistent with experimental observations of bro-blast cells on microposts assays. 26 
Conclusions
We developed a model for a crawling cell that accounts for the local traction forces exerted on the substrate and for the local substrate deformations. Insights from this study can be useful for other self-propelled objects on so deformable substrates. Here we focused on the generic features of the emerging traction patterns, the possible motility modes and investigated the response of crawling cells on spatially varying mechanical properties of engineered substrates. Our analysis clearly shows that locally-resolved substrate deformations and traction forces are necessary for the description of nontrivial cell behavior, including mechanosensitivity, durotaxis, and complex modes of movement such as bipedal cell motion.
In earlier studies 18,19 the occurrence of bipedal motion was attributed to the intrinsic elasticity of the cell (modeled by internal elastic springs), rather than to the elasticity of substrate. In this context, one should note that the overall effect of substrate elasticity in many aspects is similar to the intrinsic elasticity of the cell. For example, deformations of both the cell and the substrate may promote breakage of adhesive bonds, resulting in an overall reduction of adhesion. This issue will be addressed in a future study, where cellular (visco-)elasticity will be added and their effects compared to those of the substrate elasticity.
Our modeling results indicated that, in a certain range of parameters, cells may exhibit erratic trajectories. While these types of motion are ubiquitous in experiments with moving cells, they are usually attributed either to the intrinsic randomness of cellular movements (stochastic formation of adhesive bonds, stochastic polymerization force, etc.) or to random heterogeneity of the substrate. Our work gives evidence that complex cell trajectories can also be an outcome of the intricate coupling between the various cell shape deformation modes via internal forces and the substrate.
Our modeling framework provides guidance for the interpretation of traction force microscopy data. "Prediction" of traction forces, however, requires model renements towards cell type-specic internal actin and adhesion dynamics. The modeling provides a self-consistent description of cell movement on both homogeneous and heterogeneous substrates. Moreover, it suggests that substrates with engineered stiffness can be used as assays for cell sorting, separation, and concentration. The specic design (e.g. the jump in stiffness, and the angles, cf. Fig. 7 ) will be investigated in more detail in a future work, but will again be sensitive to the cell type-specic internal distribution of traction patterns.
Finally, the concepts developed in our work are general and can be applied to related, synthetic systems, e.g. to self-healing materials of nanoparticle-laden microcapsules moving on adhesive surfaces. We would also like to note that for such complex deformable and moving geometries as crawling cells or other so self-propelled objects, the phase-eld description presented here has signicant advantages in terms of reducing the computational effort 14 compared to direct simulations.
B Derivation of the equation for the elastic displacements
The stress tensor for an isotropic homogeneous incompressible visco-elastic solid (Kelvin-Voigt material) is given by
where u i ¼ u i (x, y, z; t), i˛{x, y, z} denotes the displacement eld. p ¼ p(x, y, z; t) is the pressure eld andG,h the shear modulus and viscosity. Within the assumption of overdamped motion (ü i ¼ 0), s ik,k ¼ 0 yields
We assume periodic boundary conditions in x-and y-direction with period L and vanishing displacements at the lower boundary of the substrate (non-deformable surface), u(x, y, z ¼ 0, t) ¼ 0. At the upper boundary, the cell exerts the traction force T, but zero normal force on the substrate,
Nonlinearities arising from the free boundary at z ¼ H are neglected. Eqn (B.2) are equivalent to a biharmonic equation for w ¼Gu +h _ u and Laplace's equation for p. Aer Fourier transforming the x-and y-direction and introducing the wavenumber
, these equations become
Six out of the necessary 14 boundary conditions for eqn (B.4) are given as before by w(x, y, z ¼ 0, t) ¼ 0 and eqn (B.3), while the remaining eight boundary conditions are generated by evaluating eqn (B.2) at the boundaries. The assumption of a vertical substrate layer height H much smaller than its horizontal extensions L, H ( L, allows a long wavelength expansion (k x , k y ( 1/H) of the solution to eqn (B.4). We keep terms up to second order in k x , k y , which corresponds to retaining derivatives up to second order in space of the traction force T. Finally, integrating the result over z from z ¼ 0 to z ¼ H leads to eqn (1).
Following from s ik,k ¼ 0, a heterogeneous substrate stiffness G ¼G(x, y, z) gives a plethora of additional terms in eqn (B.2) involving all kinds of rst order derivatives ofG. However, we can neglect these terms if we truncate the long wavelength expansion at the lowest order and assume no dependence on the vertical direction,G ¼G(x, y). Consequently, in eqn (1) we set h / 0 and substitute G / G(x, y) for all computations involving a space-dependent substrate stiffness G. 
C Characterization of the bipedal motion
